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Abstract
Forests on n vertices with maximum number of maximal matchings are called extremal forests. All extremal forests, except 2K1,
are trees. Extremal trees with small number n of vertices, n19, are characterized; in particular, they are unique if n = 6. The
exponential upper and lower bounds on the maximum number of maximal matchings among n-vertex trees have been found.
© 2006 Elsevier B.V. All rights reserved.
Keywords: Forest; Tree; Maximal matching; Enumeration; Characterization of structure
1. Introduction
In general we use the standard terminology and notation of graph theory, cf. Chartrand and Lesniak [1] or West [16].
A vertex is called a pendant vertex or leaf if its degree is at most one. A vertex whose degree is at least three is called
branch vertex.
We deﬁne a string in G to be a non-trivial path P whose end vertices are the only vertices of P of degrees different
from two in G. A string of length one is called trivial. A pendant string is a string which contains a pendant vertex
of G. If an end-vertex x of a string P is a branch vertex then the string P is said to be attached to x. A pendant star
with k rays (k2) in G is a subgraph K1,k with k − 1 or k leaves of G and central vertex of degree k both in the star
and in G.
A matching which is (an independent set of edges and) not any proper submatching is called a maximal match-
ing. The empty set ∅ is the only matching of an edgeless graph or of K0, the “graph” without any vertex. Given a
graph G, let M(G) be the class of all maximal matchings in G and let M(G) = |M(G)|. Let Fn be the class of
forests whose order is n and the number of maximal matchings is the largest possible. Call a member of anyFn to be
extremal.
It appears that all extremal forests, except 2K1 (with n= 2), are extremal trees. Extremal trees with small number n
of vertices, n19, are characterized; in particular, those trees are unique if n = 6. Exponential upper and lower bounds
on the maximum number of maximal matchings among n-vertex trees have been found.
In what follows, for vertices x and y, and for numbers of maximal matchings, the symbol =xy stands for the equality
with LHS being the total number and RHS being the sum of two summands of which the ﬁrst counts matchings which
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avoid the edge xy and the second which include. On the other hand, the symbol =x indicates that RHS is the sum of
counts which differ in including single edges or no edge from among those incident to x.
2. Maximal matchings in forests
Deﬁnition 1. Let G be a forest. We say that a vertex v of G has property (∗) in G if each neighbor of v has a neighbor,
w, among leaves of G such that w = v. Similarly, v has property (∗∗) in G if v is a leaf such that the only neighbor of
v (if exists) has property (∗) in the v-deleted subgraph G − v.
Notice that every isolated vertex has both properties (∗) and (∗∗); no vertex which has a leaf as a neighbor has
property (∗), and both vertices of the tree K2 have property (∗∗).
Lemma 1. Let G be a forest with a vertex v. Then M(G−v)M(G) and the equality holds precisely if v has property
(∗∗) in G.
Proof. Let v be a vertex of a component K1 or K2. Then v has property (∗∗), and M(G − v) = M(G) which agrees
with Lemma.
Assume that the remaining case holds. Let y1, . . . , ys (s = degGv) be all neighbors of v in G. Then either v is a leaf
(for s = 1) and degGy12 or s2. We are going to construct an injection f :M(G − v) →M(G) in order to prove
the required inequality. Let I ∈ M(G − v). If each vertex yi is covered by I, then we put f (I) := I . On the other
hand, if I does not cover an yi , let f (I) := I ∪ {yjv}, where j is the smallest of all possible i’s. Hence f is an injection,
and the inequality has been proved.
Suppose that the vertex v has property (∗∗) in G. Then y1, the only neighbor of v, has property (∗) in G− v. Hence
every neighbor of y1 different from v has a pendant neighbor (different from y1). Therefore, both y1 and all those
neighbors of y1 are covered by every maximal matching in G. If y1w ∈ J ∈ M(G) for a certain w, w = v, then
J ∈M(G−v)whence J =f (J ). Otherwise, thematching J ∈M(G) contains the edge vy1 whence J =f (J −{vy1}).
Thus f is a surjection, and equality in Lemma holds.
Consider the remaining case that v does not have property (∗∗) in G. It is enough to show that f is not a surjection.
Three cases are possible.
(i) There is a neighbor yi (it may be the only neighbor, with i = 1) which has a pendant neighbor in G− v. Then f is
not a surjection because if vyi ∈ I ∈M(G) then I is not any value of f.
(ii) s > 1 and none of the s neighbors of v has a pendant neighbor (some neighbors of v may be leaves). ThenM(G−v)
includes a matching, say I12, which covers none of vertices y1, y2. Then I12 ∪ {y2v} is a maximal matching in G,
which is not in f [M(G − v)].
(iii) s = 1, all neighbors of y1 different from v are non-leaves, and one of these neighbors, say w, has all neighbors
among non-leaves. Then every maximal matching in G which contains the edge vy1 and does not cover the vertex
w is not in f [M(G − v)]. 
For a forest G and non-empty setY of vertices of G, let M(G)Y and M(G)′Y denote numbers of maximal matchings
in G which, respectively, cover all vertices of the set Y and do not cover (if “primed”) a vertex of Y. If Y is a singleton,
Y = {v}, then the abbreviations M(G)v and M(G)′v are used.
Lemma 2. Let G be a forest with a vertex v.ThenM(G−v)M(G)′v and the equality holds precisely if v has property
(∗) in G.
Proof. If v is isolated in G then clearly M(G)′v = M(G) = M(G − v). If v has a pendant neighbor in G then every
matching of G covers v whence M(G)′v = 0 and inequality in question holds.
Assume that v is a non-isolated vertex and v has only non-pendant neighbors in G. Let Y be the set of all neighbors
of v. Thus, all vertices of Y are non-leaves in G. On partitioning maximal matchings in G − v into those covering all
vertices of Y and those not covering a vertex of Y, we get
M(G − v) = M(G − v)Y + M(G − v)′Y . (1)
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Fig. 1. Extremal trees with up to 6 vertices.
Notice that every maximal matching in G which does not cover the vertex v, is exactly a maximal matching in G − v
covering all vertices of Y. Hence, M(G)′v = M(G − v)Y and by (1) we get
M(G − v) − M(G)′v = M(G − v)′Y 0.
Moreover, M(G−v)′Y =0 if and only if each vertex ofY has a pendant neighbor in G−v, i.e., the vertex v has property
(∗) in G. 
Proposition 3. For n3 every (extremal) forest inFn is connected, is a tree.
Proof. Let G be an n-vertex non-connected forest with n3. It is enough to construct an n-vertex forest G′ which has
more maximal matchings than G. Consider two cases.
(i) All components of G are trivial, G = nK1. Then M(G) = 1 and adding to G two edges which induce a path P3
results in a G′ with M(G′) = 2.
(ii) G has a non-trivial component, say G1. Let w be a vertex outside G1 and let v be a neighbor of a leaf in G1.
Then every maximal matching in G1 (and in G) covers the vertex v. We deﬁne G′ to be the forest obtainable
from G by adding the edge vw, G′ = G + vw. Then every maximal matching of G is maximal in G′. Therefore,
M(G′)=vwM(G) + M(G − v − w) whence M(G′) − M(G) = M(G − v − w)> 0. This ends the proof. 
For n2 each of three possible n-vertex graphs K1, 2K1 or K2 is clearly an extremal forest. Hence, 2K1 is the only
extremal forest which is not a tree. By inspection one can get the list of all small extremal trees presented in Fig. 1.
3. Pendant strings
Lemma 4. For n7, an n-vertex tree H which has a non-trivial pendant string (i.e., a hanging star with 2 rays) is not
extremal.
Proof. Assume that the string contains three consecutive vertices u, x, v of which u is a leaf and x is the degree-2
neighbor of u. Let G = H − u − x. Let H ∗ = H + uv − ux, the new tree obtained from H by removing the edge ux
and joining u to v. Then
M(H)=vxM(G) + M(G − v)
and M(H ∗)=v2M(G−v)+M(G)v . Hence, M(H ∗)−M(H)=M(G−v)+M(G)v −M(G)=M(G−v)−M(G)′v
whence, by Lemma 2, H is not extremal unless v has property (∗) in G.
Assume therefore that v has property (∗) in G. Hence we assume that yw is an edge of G − v such that w is a leaf
and y is a neighbor of v in G.
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Assume that degG(v)2. Let H ′ = H + xw − xv. Then
M(H ′) = xwM(G) + M(G − w)
=M(G) + M(G − w)y + M(G − w)′y ,
whereM(G−w)y=yvM(G−w−yv){y,v}+M(G−v−w)y+M(G−v−y). On the other hand,M(G−v)=ywM(G−
v − w)y + M(G − v − y). Therefore,
M(H ′) − M(H) = M(G − w)′y + M(G − w − yv){y,v} > 0
because M(G − w)′y > 0 if degG(y) = 2 and otherwise degG(y)> 2 and M(G − w − yv){y,v} > 0.
To complete the proof, assume that degG(v) = 1 and put H ′′ = H + wx − wy. Then
M(H ′′)=xv2M(G − w) + M(G˜),
where G˜ := G−w−v. Hence,M(G)=y2M(G˜−y)+M(G˜)y as well asM(G−v)=M(G−w)=yM(G˜−y)+M(G˜)y
whence
M(H) = 3M(G˜ − y) + 2M(G˜)y .
Therefore,
M(H ′′) − M(H) = M(G˜) − M(G˜ − y)0
by Lemma 1 which, moreover, implies that H is not extremal unless y has property (∗∗) in G˜.
Assume that y has property (∗∗) in G˜ whence M(G˜− y)=M(G˜). Moreover, because n7, the only neighbor of y
in G˜ is a non-leaf in G˜− y. Let H ∗∗ =H +uy + xy −ux − xv. Then M(H ∗∗)=y4M(G˜− y)+M(G˜)y and therefore,
eventually M(H ∗∗)−M(H)=M(G˜−y)−M(G˜)y =M(G˜)−M(G˜)y =M(G˜)′y > 0 because no leaf of G˜ is adjacent
to y. 
4. Pendant stars
Lemma 5. A tree H which has a pendant star with center x and with d rays where d6 is not extremal.
Proof. Let n+ d be the order of H whence n1 and, moreover, H is a star if n= 1. Let v, y, y1 and y2 be four distinct
neighbors of the vertex x such that v is a non-leaf if possible, i.e., for n2. Let G be the component ofH −x containing
v. Counting maximal matchings which either avoid or contain the edge xv gives M(H)=xv(d − 1)M(G)+M(G− v).
We construct a new tree H ′ from H, of the same order n + d, by removing both leaves yi and subdividing the edge yx
twice. As above, M(H ′)=xv(2(d − 4) + 1)M(G) + 2M(G − v) which exceeds M(H) because M(H ′) − M(H) =
(d − 6)M(G) + M(G − v)> 0. 
Lemma 6. For n7, an n-vertex tree H which has a pendant star with 5 rays is not extremal.
Proof. Suppose on the contrary that H is a extremal tree with a pendant star centered at a vertex x of degree 5 in
H. Because n> 6, there is another pendant star centered at a vertex y, whose degree we denote by a (y = x). Then
3a5 due to Lemmas 4 and 5. Hence, n8. In fact, n> 8 because vertices x, y are non-adjacent. Otherwise
M(H)=xy4(a − 1) + 1 and we get a contradiction, for if H ′ is an n-vertex tree obtained from H by deleting a leaf
adjacent to x and inserting a degree-2 vertex, w, into the edge xy, then M(H ′)=w3(a−1)+a−1+3>M(H) whence
H is not extremal.
Assume that v and w are non-leaf neighbors of x and y, respectively, and let G be a component of H − x − y
containing vertices v and w. Then G = K1 because otherwise w = v, n = a + 6 ∈ {9, 10, 11}, and M(H)=w4(a −
1) + a − 1 + 4 = 5n − 31 which is less than M(Fn) (=mn in Table 1) where Fn is shown in Fig. 3, n = 9, 10, 11.
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Table 1
n 7 8 9 10 11 12 13 14 15 16 17 18 19
f (3, n) 8 11 14 21 30 41 57 81 112 153 218 305 418
f (4, n) 7 11 15 19 29 41 56 78 111 153 209 299 417
mn 8 11 15 21 30 41 56 81 112 153 217 303 418
Fig. 2.
Let v = w. Then putting M(G − v − w) = 0 will cover the case w = v. First
M(H) = 4(a − 1)M(G) + 4M(G − w) + (a − 1)M(G − v) + M(G − v − w).
For a = 3, 4, 5, let Ha be the tree depicted in Fig. 2, the order of Ha being n, i.e., the same as that of H. Note that in
H 4 the vertices v,w are denoted by u, u′ so that M(G − u)M(G − u′). It can be shown that
M(Ha) − M(H) =
⎧⎪⎨
⎪⎩
M(G) − M(G − w) + M(G − v) if a = 3,
5M(G − u) + M(G)u − 3M(G − u′) − M(G − u − u′) if a = 4,
2M(G − w) + 4M(G − v) + 2M(G − v − w) if a = 5
whence (by possibly using Lemma 1) M(Ha)>M(H), a contradiction. 
Corollary 7. For n7, each n-vertex extremal tree has two or more pendant stars and all of them have 3 or 4 rays.
5. Extremal trees and upper bound
Extremal trees (and forests) with up to 19 vertices are characterized. Upper bound on the maximum number, mn, of
maximal matchings among n-vertex trees is shown in Table 1.
Theorem 8. Figs. 1 and 3 present a list of all extremal n-vertex trees with n19. There are three of those trees if n=6,
otherwise they are unique Fn’s, 2K1 being the only disconnected extremal forest. Moreover, mn = n − 1 for 2n6,
remaining values of mn, mn = M(Fn), are given in Table 1, and m20585, m21822.
Proof. For brevity we omit some easy details. Proceed by induction on bounded n. Assume the theorem holds for
n6, which can be checked by inspection. Let n7 and Hn ∈ Fn. By Proposition 3, Hn is a tree. Just as Hn
due to Corollary 7, let a tree H ′n have adjacent vertices y, x where x is the center of a pendant star with d rays,
d = 3 or 4, and y is the only non-leaf neighbor of x. Let Gn−d be the only non-trivial component of H ′n − x
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Fig. 3. Extremal n-vertex trees for n = 7, . . . , 19.
(of order n − d and containing y). Then
M(H ′n) = xy(d − 1)M(Gn−d) + M(Gn−d − v) (2)
f (d, n), (3)
f (d, n) := (d − 1)mn−d + mn−d−1, (4)
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Fig. 4. Extremal tree F21.
where d = 3, 4; the upper bound f (d, n) (also in Table 1) being well deﬁned due to induction hypothesis. Hence,
moreover,
mn max{f (3, n), f (4, n)}. (5)
On the other hand, using Table 1 for 7n16, n = 13, and for n = 19, we ﬁnd d satisfying the equation f (d, n) =
max{f (3, n), f (4, n)} with d=3 or 4 (or both if n=8, 12, 16). Then the tree Fn in Fig. 3 has a pendant star with d rays.
On putting Fn in place of H ′n above we ﬁnd in Fn two adjacent vertices x and y such that Gn−dFn−d with (n−d = 6
and) y being the vertex marked by a white circle in the picture of Fn−d so that if F6 := F 36 then Gn−d −yFn−d−1 can
be seen. Hence, (2) and the induction hypothesis give M(Fn) = f (d, n) whence, by (5) and the choice of d, Hn = Fn
(uniquely) follows.
For n = 13, d = 4 because otherwise d = 3 and the RHS of (2) would be smaller than M(F13). Hence, uniquely
Hn=Fn. On the other hand, d=3 for n=17, 18 because then f (4, n) is too small. Nevertheless, mn <f (3, n) because
then Gn−3 − y = Fn−3−1 is impossible in (2) if Gn−3 = Fn−3. In fact, mn = f (3, n) − 2 + (nmod 2) can be seen.
Though Gn−3 = Fn−3 is necessary only if n = 17, uniqueness of Fn can be seen for both n = 17, 18. Bounds on m20
and m21 are easy. 
Remark 1. One can show that the graph F21 in Fig. 4 is the only extremal tree on 21 vertices whence m21 = 819.
In order to ﬁnd an upper bound on mn we need the following number:
x0 := 12
(
√
u0 +
√
4√
u0
− u0
)
≈ 1.395337−(<√2) (6)
with
u0 = 3
√
2 + 2
√
43
27
+ 3
√
2 − 2
√
43
27
whence 0<u0 < 1,
where all root symbols stand for reals, positive reals whenever possible. Using classical methods due to Tartaglia and
Cardano and Ferrari, one can see that u0 and x0 are the only real positive roots of the equations:
u3 + 4u − 4 = 0,
x4 − 2x − 1 = 0.
Because mn possibly satisﬁes the ﬁfth order recurrence inequality (3) (if d = 4), we deﬁne a constant
k = max{mnx−n0 | knk + 4} for k1.
Hence, on using Theorem 8 and Table 1, one can see that k attains the values for k17 as given in Table 2.
Theorem 9. For a natural nk, mnkxn0 = O(1.395337n).
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Table 2
k 1, . . . , 4 5, 6, 7 8, . . . , 11 12, 13, 14 15 16, 17
k= 3x−40 8x−70 30x−110 81x−140 112x−150 303x−180
k < 0.791416 0.776849 0.768513 0.763797 0.756888 0.753735
Proof. By induction on n, nk. Hence, by deﬁnition of k , the inequality holds if knk + 4. Recall that
2x0 + 1 = x40 . (7)
Let nk+5 (6) and let Hn ∈Fn. Hence as in the proof of Theorem 8, cf. (3), mn max{f (d, n) | d =3, 4} where
by (4) and induction hypothesis
f (d, n) = (d − 1)mn−d + mn−d−1kxn−d−10 ((d − 1)x0 + 1).
Thus it is enough to note that, for d = 3, 4, one has (d − 1)x0 + 1xd+10 (which, due to (7), holds with equality if
d = 3; whence, for d = 4, is equivalent to x50 − 3x0 − 1 = x0(2x0 + 1) − x0 − x40 = x20 (2 − x20 )> 0, which holds due
to (6)). 
6. Lower bound
The following deﬁnition of asymptotic inequality is borrowed from [14]; used in [13].
Deﬁnition 2. We write a(n) >∼ c(n) whenever there exists an expression b(n) such that a(n)b(n) ∼ c(n) as n → ∞.
Theorem 10. As n tends to inﬁnity,
mn
>∼ (51 + 5√102)n/14
=(1.39097n) since 14
√
51 + 5√102> 1.39097.
Proof. We construct recursively an n-vertex treeHn for each n17 (withHn=Fn if n=17, 18).Assume that F6=F 16 ,
see Fig. 1. For each
j = 4, 5, 9, 11, 13
let uj denote a vertex of Fj which is a leaf either off any pendant star if j = 11 or otherwise (if j = 4, 5, 9, 13) in a
pendant star (these leaves being white circles in Figs. 1, 3 of Fj ’s). Let i be an integer,
i ∈ [3, 16]\{4, 5, 9, 11, 13}
whence i = j . Let xi stand for the center of a pendant star in Fi with two (if i = 3, 6) or 3 rays only. Let w be the only
leaf of F14 which is not in any pendant star of F14 and let v stand for the only neighbor of w in F14 (see Fig. 3).
In order to start a recursive deﬁnition of Hn, assume that F14 with relabeling x14 ← x˜1 and w ← w˜1 of the two
vertices is denoted by H14. Given the tree H14k with k1 and with vertices x˜k and w˜k , let
H14k+j = H14k∪˙Fj + uj x˜1,
H14k+i = H14k∪˙Fi + xiw˜k ,
where, for i = 14 only, vertices x14 and w (coming from F14) are identiﬁed by the labels x˜k+1 and w˜k+1, respectively.
Let ak = M(H14k), bk = M(H14k − w˜k). Then from Table 1 and pictures of F14, F11, and F10 (Fig. 3) we get the
following system of recurrence equations.
a1 = M(F14) = 81, b1 = M(F14 − w)=v3 · 2 · 32 + 1 = 55, (8)
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ak+1=x˜k+1w˜kM(F14)M(H14k) + M(F11)M(H14k − w˜k) = 81ak + 30bk ,
bk+1=x˜k+1w˜kM(F14 − w)M(H14k) + M(F10)M(H14k − w˜k) = 55ak + 21bk . (9)
As a solution we get
ak = 17 +
√
102
34
(
51 + 5√102
)k + 17 −
√
102
34
(
51 − 5√102
)k
,
bk = 11
√
102
204
(
51 + 5√102
)k − 11
√
102
204
(
51 − 5√102
)k
which conﬁrms Theorem for n ≡ 0(mod 14). Additionally, we get
M(H14k+j )=uj x˜1mjak + mj−1M(H14k − x˜1).
Hence and from Table 1, for j = 11
ck+1 := M(H14k+11) = 30ak + 21ck
because M(H14k−3) is the only non-trivial component of M(H14k − x˜1) whence M(H14k − x˜1)= ck , so that the initial
condition is c1 = M(F11) = 30 by Table 1. Hence, due to (9) and (8), ck+1 − 611bk+1 = 21(ck − 611bk) with initial
condition c1 − 611b1 = 0. Therefore, M(H14k−3) = ck = 611bk and thus
M(H14k+j ) = mjak + 6mj−1bk11 .
Furthermore, for i = 14,
M(H14k+i )=xi w˜k
{
m6ak + m4bk if i = 6,
miak + mi−3bk otherwise,
where mi−3 = 1 if i = 3. Thus, in conclusion
M(Hn) = h(51 + 5
√
102)n/14 + h(51 − 5
√
102)n/14
for some constants h, h with h > 0 and with subscript h ≡ n(mod 14), h = i or h = j . 
7. Concluding remarks
Closely related study into maximum number of maximal independent vertex sets among some n-vertex graphs can be
found in a series of publications of which either pioneering and/or with conclusive results are quoted explicitly in what
follows. These “conclusive results” are just characterizations of extremal graphs, the graphs being called VI-extremal
(vertex-independence-extremal) in order to differentiate them fromM-extremal (matching-extremal) of ourselves.Those
“some” graphs are: any graphs (with cliques in place of independent sets)—Moon and Moser [8]; trees—Wilf [17],
Sagan [10], and Zito [18]; connected graphs—Füredi [2], Griggs, et al. [3]; bipartite—Liu [19]; triangle-free—Hujter
and Tuza [4]. Another approach to the problem is presented in Jou et al. [5]. For references to additional related papers
and for historical notes, see [4–6,18]. Especially enlightening are comments in Zito. In particular, she claims that the
above-mentioned results of Moon and Moser were found in 1960 by Miller and Muller [7]. On the other hand, Hujter
and Tuza [4] give credit to Poljak [9] for his presenting the tree S(K1,d ), the subdivision of the star with d rays (d1),
which is the only VI-extremal tree of odd order 2d + 1 which appears in Wilf’s paper and Sagan’s characterization.
Moreover, they correct Sagan’s quotation of the unpublished characterization (due to Griggs and Grinstead) of n-vertex
VI-extremal forests.
A matching in a graph G is clearly an independent set of vertices in the line graph L(G) of G. Therefore, in case
some line graphs belong to the class of VI-extremal graphs of any order, we immediately get the characterization of
corresponding M-extremal graphs of any ﬁxed size.
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Theorem 11. Any M-extremal graph of size e, e2, is the disjoint union of graphs K3, K1,3, P3, or K1,4 (of size 3, 2,
or 4) such that P3 and K1,4 exclude one another, either one copy of K1,4 or two copies of P3 appear if e ≡ 1(mod 3)
and exactly one P3 appears as a component if e ≡ 2(mod 3).
Theorem 12. Any M-extremal disjoint e-edge union of paths comprises paths P3 as components with precisely one
additional component K2 if e is odd.
Theorem 13. Any M-extremal triangle-free and claw-free graph of size e, e4, is the disjoint union of P3’s with
precisely one C5 as an additional component if e is odd.
Theorems 11–13 are corollaries to corresponding results in Moon and Moser, Griggs and Grinstead (unpublished,
see [4]), and Hujter and Tuza, respectively.
The number of mutually non-isomorphic graphs in Theorem 11 is 2(e − 1)/3 if e ≡ 1(mod 3) and e/3 + 1
otherwise. M-extremal graphs in Theorems 12, 13 are unique.
The conclusive tool (and a by-product) presented by Moon and Moser is maximizing the constrained integer product∏
ini subject to the requirement that all ni ∈ N and
∑
ini = n, n= constant 2. Then the maximum product involves
factors 2, 3, 4 only which, moreover, mutually differ by one at most; 4 and 2 appear as factors at most once and twice,
respectively, depending on nmod 3(=0, 1, or 2). Tomescu [15] in his study into maximizing the number of cliques
among special h + 1-uniform hypergraphs on n-vertices arrived at maximizing the more general product, namely∏
i
(
ni
h
)
, subject to the constraint∑ini = n>h, all ni, h ∈ N. Independently, though later, the second author arrived
[11] at the result that the maximum value of∏i (ni2 ) with constraint∑ini = n − 13 where all ni ∈ N is the unique
product⎧⎪⎨
⎪⎩
(
n−1
2
)
for 4n8,(
5
2
)j−r( 5+sgn r
2
)|r|
for n9,
where j = (n + 1)/5 and r = n − 1 − 5j (whence |r|2). This provides the complete characterization of n-vertex
trees with maximal number of path-factors whose sizes are as large as possible.
Finally, Schinzel and Skupien´, for each integerh> 1 inTomescu’s problem, arrived at uniquely determined analogous
maximum product of binomial coefﬁcients (see [12]), which provides the complete solution to Tomescu’s number-
theoretical optimization problem.
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The deﬁnition of equality devices =xy and =x in Section 1 and the use of the bound f (d, n) in the proof of Theorem
8 have been improved due to brief remarks of one of the referees.
References
[1] G. Chartrand, L. Lesniak, Graphs & Digraphs, Wadsworth & Brooks, Cole, Paciﬁc Grove, CA, 1986.
[2] Z. Füredi, The number of maximal independent sets in connected graphs, J. Graph Theory 11 (1987) 463–470.
[3] J.R. Griggs, C.M. Grinstead, D.R. Guichard, The number of maximal independent sets in a connected graph, Discrete Math. 68 (1988)
211–220.
[4] M. Hujter, Z. Tuza, The number of maximal independent sets in triangle-free graphs, SIAM J. Discrete Math. 6 (1993) 284–288.
[5] M.-J. Jou, G. Chang, C. Lin, T.-H. Ma, A ﬁniteness theorem for maximal independent sets, Graphs Combin. 12 (1996) 321–326.
[6] L. Lovász, M.D. Plummer, Matching theory, in: Ann. Discrete Math. 29 (1986).
[7] R.E. Miller, D.E. Muller, A problem of maximum consistent subsets, IBM Research Report RC-240, J.T. Watson Research Center, Yorktown
Heights, NY 1960.
[8] J.W. Moon, L. Moser, On cliques in graphs, Israel J. Math. 3 (1965) 23–28.
[9] S. Poljak, A note on stable sets and coloring of graphs, Comment. Math. Univ. Carolin. 15 (1974) 307–309.
[10] B.E. Sagan, A note on independent sets in trees, SIAM J. Discrete Math. 1 (1988) 105–108.
[11] Z. Skupien´, On counting maximum path-factors of a tree, in: Algebra und Graphentheorie, in: Proceedings of Siebenlehn 1985 Conference
Bergakademie Freiberg, Sektion Mathematic 1986, pp. 91–94.
J. Górska, Z. Skupien´ / Discrete Mathematics 307 (2007) 1367–1377 1377
[12] Z. Skupien´, From tree path-factors and doubly exponential sequences to a binomial inequality, in: R. Bondendiek, R. Henn (Eds.), Topics in
Combinatorics and Graph Theory (Essays in Honour of Gerhard Ringel), Physica-Verlag, Heidelberg, 1990, pp. 595–603.
[13] Z. Skupien´, BCH codes are good for distance multicolorings with radio frequencies in hypercubes asymptotically, Electron Notes Discrete
Math. 8 (2001).
[14] Z. Skupien´, BCH codes and distance multi- or fractional colorings in hypercubes asymptotically, Discrete Math. (2006), in press.
[15] I. Tomescu, Le nombre maximum de cliques et de recouvrements par cliques des hypergraphes chromatiques complets, Discrete Math. 37
(1981) 263–271.
[16] D.B. West, Introduction to Graph Theory, Prentice-Hall, Upper Saddle River, NJ, 1966.
[17] H.S. Wilf, The number of maximal independent sets in a tree, SIAM J. Alg. Discrete Math. 7 (1986) 125–130.
[18] J. Zito, The structure and maximum number of maximum independent sets in trees, J. Graph Theory 15 (1991) 207–221.
[19] J. Liu, Maximal independent sets in bipartite graphs, J. Graph Theory 17 (1993) 495–507.
